We study some links between autoparallel distributions and the factorization of a riemannian manifold. Finally, we prove a splitting theorem for Lie groups with biinvariant metrics.
Introduction
Splitting theorems are very important in the study of intrinsic and extrinsic geometry of riemannian manifolds. De Rham theorem [KN] in the intrinsic case, and Moore's Lemma [M] in the extrinsic one, are well-known examples. Splitting theorems play also an important role in the theory of isoparametric submanifolds, see for example [PT] , [HL] . In many situations it is possible to construct (locally) two autoparallel distributions, spanning the tangent bundle, which are perpendicular modulo the intersection. If the intersection is trivial then both distributions must be parallel and so the riemannian manifold splits. In this case the hypothesis of orthogonality cannot be omitted (see first example in section 2). In [D] , the author shows that (see Proposition 2.1 below) a riemannian manifold splits if it has two autoparallel nontrivial distributions satisfying a curvature condition. Existence of two autoparallel distributions does not imply in general, that the manifold splits. In this article we prove the following theorem which shows that, in homogeneous case, this condition is, however, sufficient to imply the splitting of the involved manifold. (D) and X an arbitrary vector field. An autoparallel distribution is integrable (zero torsion property) with totally geodesic leaves. Conversely, the tangent spaces to the leaves of a totally geodesic foliation define an autoparallel distribution.
As we pointed out in the introduction one has:
orthogonal sum and both distributions are autoparallel, then M splits locally.
We include the proof, since it is difficult to find it in the mathematical literature.
which implies that D 1 is parallel. Then we can use the well-known De Rham theorem [KN] to decompose M .
First example . If we omit the hypothesis of perpendicularity in the above Proposition 2.1 then the proposition is false. In fact, take any surface S of non zero curvature. Then it is clear that the manifold is not locally a product. Around any point p ∈ S it is possible to define an autoparallel distribution F p given by the radial direction (i.e. F p is generated by the radial vector field in normal coordinates around p ). Thus, if p, q are sufficient close these two distributions are complementary and the manifold does not split. The totally geodesic submanifolds are the semispaces parallels to the x n -axis and the upper part of spheres which meets orthogonally the hyperplane x n = 0 . The hyperbolic space H n has constant negative sectional curvature and then it is a locally irreducible riemannian space. Define the following two foliations of H n : 
Note that i t is also a product immersion of a product of spheres of different radius. Thus, we have 
